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Useful integrals



1 Vector analysis

1-1 Orthogonal coordinate systems

2—0—7
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/ |
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/ |
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Fig. 1-1 Coordinates

1-1-1 Rectangular coordinates

1-1-2 Cylindrical coordinates

(u1»u2»u3):(r’¢’z)

1-1-3 Spherical coordinates
(UI,UZ,U3) =(R,9,¢)

h =1
h,=R
h, =Rsin @

(1.1)

(1.2)
(1.3)

(1.4)

(1.5)

(1.6)

(1.7)



1-2 Differential operators

1-2-1 Gradient
wooig N g LN G LNV
h, ou, h, ou, h, ou,

Directional derivative

dv :
—=(VV)-1
a=-V)
dv =(VV)-di

1-2-2 Divergence

V-A= ! |:i(h2h3A|)+£(hlh3A2)+£(hlh2A3)

hh,h, | ou,
1-2-3 Curl
hlﬁl h2ﬁ2 h3ﬁ3
VxA-—1 |90 90 2
hhh {ou, — ou, ou,
hA hA hA

1-3 Theorems

1-3-1 Divergence theorem
[V-Adv=¢A-ds
A S

1-3-2 Stokes’ theorem
$(VxA)-ds=[A-dI
C

S

1-4 Vector identities
A-(BxC)=B-(CxA)=C-(AxB)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)



Ax(BxC)=B(A-C)-C(A-B)
Vx(VV)zO
V- (VxA)=0
V. (fA)=f(V-A)+A.Vi
V-(AxB)=B-(VxA)-A:(VxB)
Vx(fA)=fVxA+(Vf)xA
VV =V-VV
VPA=V(V-A)-VxVxA

(1.16)
(1.17)

(1.18)
(1.19)
(1.20)
(1.21)

(1.22)
(1.23)



2 Static electric fields

2-1 Coulomb’s law

» 1 a9
Fp, =R12E ézz (2.1)
12
g R, »(q_\j Fio

Fig. 2-1 Electric force between two charges

2-2 Electric field intensity

E = lim Y (2.2)
g—0 q
F=qE (2.3)
v.E=£ 2.4)
&
VxE=0 (2.5)
1 Q
$E-ds=—[ pdv== (2.6)
S SV, &
gSE-dl =0 (2.7)
C
g R-R’
-9 2.8
dne |R—R'3 (28)
N g (R-R|
RER <L ;) 2.9)
dne 1o |R—R[(|
R-R'
_ | j( 3)pdv' (2.10)
4ne |R—R'|
E=-VV 2.11)
2-3 Electric flux density
D=¢E+P (2.12)
D=¢E=¢)c,E (2.13)
V-D=p (2.14)
$D-ds= [ pdv=Q (2.15)
S Vv’



2-4 Polarization vector

nAv

Zpk

P=lim XL
AV—0 AV

n: number of atoms per unit volume

2-5 Electric potential

2-6 Electric dipole

Fig. 2-2 Electric dipole
p=qd

E q3[3R'2dR—d}: 1 {3R.pR—p} R>d
4dneR R 4meR

I

(2.16)
(2.17)
(2.18)

(2.19)
(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
(2.27)



Ex—P [ R2cosf+0sin0] R>d (2.28)
dneR

p-R

V:
4AneR?

(2.29)



3 Electric currents

3-1 Electric current density

J= Z n; g u; (3.1
i=e,h
n: number of charge carriers per unit volume
| = jJ -ds (3.2)
s
J=0E (3.3)

3-2 Resistance of a straight piece

v oo
R=—=— 34
I oS (3-4)
< l »
S o (
1 \
N\
+ V -
Fig. 3-1 Homogeneous conductor with a constant cross-section
3-3 Equation of continuity
V-J+ 8_,0 =0 (3.5)
ot
3-4 Power dissipation
P=[E-Jdv (3.6)
v’
3-5 Governing equations at steady state
V-J=0 (3.7)
V x (ij = 0 where no nonconservative energy source exists (3 8)
o
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3-6 Boundary conditions for steady currents

ﬁ-(Jl—Jz)zo (3.9)
ﬁx[i—J—zJ:O (3.10)
0, Oy
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4 Static magnetic fields

4-1 Lorentz’s force equation
F=q(E+uxB) (4.1)

4-2 Magnetic flux density

4-2-1 Governing equations in static cases

V-B=0 (4.2)
VxB=uJ (4.3)
gSB-ds =0 (4.4)
S
cﬁB-dl:,uI (4.5)
C

4-2-2 Biot-Savart’s law

(4.6)
Fig. 4-1 A wire loop carrying current |
4-2-3 Other relations
B=VxA 4.7)
B=uH (4.8)
B =, (H+M) (4.9)
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4-3 Magnetic field intensity

H=—
y7,

H=2 _m

Ho
VxH=J

gSH-dl:l
C

4-4 Vector magnetic potential
VxA=B

4-4-1 Coulomb’s gauge
V-A=0

VxVxA=uJ
VA =—ul
Azij Jdv '
4my. [R-R

Cpl o dr
A_4n§),|R—R'|

4-5 Magnetic flux D= J.B-ds (4.20)
S

cD:jA-dl
C

4-6 Magnetic dipole

m = ISn

A:imlei
4t R

B= ,um3 [ﬁ2cos¢9+ésin6’}
47R
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(4.10)

(4.11)

(4.12)
(4.13)

(4.14)

(4.15)

(4.16)
(4.17)

(4.18)

(4.19)

(4.21)

(4.22)
(4.23)

(4.24)



Fig. 4-2 Magnetic dipole

4-7 Magnetization vector
NAv
2 my

M= lim &
AV—0 AV

n: number of atoms per unit volume

M=y H
MZE—H
Hy

4-7-1 Magnetization current densities
J,=VxM
J,.« =Mxn

4-7-2 Magnetization charge densities

Pm = -V-M
Prns =M1
4-8 Magnetic circuits
NI =RD
4-8-1 Reluctance
R
uS

4-9 Boundary conditions for magneto-static fields
n-(B,-B,)=0

14

(4.25)

(4.26)
(4.27)

(4.28)
(4.29)

(4.30)
(4.31)

(4.32)

(4.33)

(4.34)



fix(H, —H,)=J (4.35)
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S Useful integrals

I 2dx > =ltan_1 (ﬁj (5.1)
x*+a’ a a
dx 1 X—a
=—In| — 5.2
Ixz—a2 2a n[x+aj (5-2)
xdx 1 9
[ dx =1n(x+ xziaz) (5.4)
x*+a’
xdx )
j =vx*ta (5.5)
x*+a’
[ X _gin! [fJ (5.6)
a’ —x* a
[ 2o (5.7)
2 2
a”—x
dx X
j =t ——— (5.8)

= (5.9)

X'dx - =- X +ln(x+\/x2+a2) (5.10)

2 2 2
(xzia2)2 X“ta
2
I az—XZdX:%X\/az—Xz+%sin_l(1j (5.11)
a

J.ln(x+\/x2 +a’ )dx=—\/x2 +a’ +xln(x+\/x2 J_raz) (5.12)
jln(b+\/x2 +a2)dx:

Vva?-b? l:tan_1 [ﬁ}—tan_l(\/az_b?i(/xz_‘_az ]] (5.13)
+x[—1+ln(b+\/x2+az)+bln(x+\/x2+a2 )J
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